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Abstract. We discuss a generalization of the Bogomolov-Miyaoka-Yau inequality to Deligne- 



. Mumford surfaces of general type. 

! 1. INTRODUCTION 



For a smooth complex projective surface S of general type, the Bogomolov-Miyaoka-Yau in- 
equality for S reads 

(1.1) 3c2(T5) > ci(T< 



s 



\2 



< 

^ \ Together with Noether's inequality, this puts constraints on the topology of surfaces of general 
types. Generalizations of (11.11 ) to singular surfaces and surface pairs have been found, see for 
example [|71, [|4l|5J. In this paper we discuss a generalization of (11.11 ) to Deligne-Mumford stacks. 

We work over C. Let A:" be a smooth proper Deligne-Mumford C-stack of dimension 2. Let 
TT : A* — 7- X be the natural map to the coarse moduli space. We assume that X is a projective variety. 
OO . Since X is assumed to be smooth, it has a tangent bundle T^. A good theory of Chern classes is 
^ I available for Deligne-Mumford stacks, see for example [[TOl . [|3l. We propose the following 

Conjecture 1.1. Let X he as above. Assume that the canonical bundle Kx '■= A^T^ is numerically 
effective, then 

(1.2) 3c2{Tx) > ci{Txf. 

^ ! Certainly (11.21 ) takes the same shape as (11.11 ). In what follows we give evidence for (11.21 ). In 

\ Section |2T| we discuss (11.21 ) for stacks X which non-trivial stack structures at generic points. In 
Section IZ2l we prove (11.21) for a class of stacks X with stack structures in codimension L In Section 
I2.3l we prove (|1.2I) for Gorenstein stacks X with isolated stack points. 
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2. Evidence of (11.21) 

2.1. Codimension stack structure. We examine (|1.2I) for stacks X with non-trivial stack struc- 
tures at generic points. In this case, X is an etale gerbe over a stack with trivial generic stack 
structure, see for example [2, Proposition 4.6]. More precisely, there is a finite group G, a stack 
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X' with trivial generic stabilizers, and a morphism f : X X' realizing A:" as a G-gerbe over X'. 
Since = f*Tx', we see that (11.21) for X is equivalent to (11.21 ) for X' . Therefore it suffices to 
consider only those X with stack structures in codimension > 1. 

2.2. Codimension 1 stack structure. We will verify (|1.2I) for an example of stack X with stack 
structures in codimension 1 . 

Let X be a smooth complex projective surface and D a simple normal crossing Q-divisor of the 
form D = ~ with rj > 2 integers. Let X be the natural stack cover of the pair 

{X, D). By construction the coarse moduli space of X is X. The natural map tt : A* — )• X is an 
isomorphism outside 7r^^(Supp D), which is where X has non-trivial stack structures. Furthermore 
we have the following formula for the canonical bundle: 

(2.1) Kx = Ti*{Kx + D). 

We now examine (fL2l) for this X. By (IZTl) . 

c,{T;,f = c,{Kxf = {Kx + Df. 
By Gauss-Bonnet theorem for Delignem-Mumford stacks [[8l CoroUaire 3.44] we have 

the Euler characteristic of X as defined in [8, Definition 3.43] (note that the notation x"^^ is used in 
iJ). Put 

V, := 7r-i(A), Vl := V, \ {U,^i{V, f] V^)). 

Then we have 

x{X\'K-\Sn^^D)) = x{X)-Y.^m- J2 Xip)- 

Similarly, put D° = A \ (Ujyi(A n Dj)), we have 

xiX\SuppD) = xiX)-J2xiD°)- xiP)- 

Since A'\7r-^(SuppL') ~ X \ Supp D, we have \ 7r-i(Supp D)) = x(X \ Supp D). Equiva- 
lently, 

xiX) = xiX)-J2xiD°)- Yl + E Xip). 

i peDinDj i peVifTDj 

Since the map — )■ D° is of degree l/r, and the map A fl Vj Did Dj is of degree 1/rjrj, we 
have 

x(A) = -x(A), x(A n V,) = — x(A n A)- 

This implies that 

(2.2) ;^(A') = x(X) - 5^(1 - l/r,)x(A°) + E (lMr,-l). 

i peDinDj 

By |5l Theorem 8.7], for p E Di n Dj the local orbifold Euler number of the pair (X, D) at p is 
given by CorbiP', X, D) = l/riVj. Together with (12.21) this implies that x{'^) coincides with the 
orbifold Euler number eorb{X, D) of the pair (X, D), as defined in [|5||. Thus if Kx is numerically 
effective, the (11.21 ) hold because it is equivalent to [|5l Theorem 0.1] applied to the pair (X, D). 
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2.3. Condimension 2 stack structure. Let X he a smooth proper Deligne-Mumford C-stack of 
dimension 2 with isolated stack structures. Suppose that X is Gorenstein. Let n : X X he 
the natural map to the coarse moduli space X, which we assume to be a projective surface with 
canonical singularities. Let pi,P2, ■■■,Pk E X he the stacky points. Since X is Gorenstein, each pi 
has a neighborhood pi e Ui C X of the form Ui ~ [C^/Gj] with Gi C SU{2) a finite subgroup, 
identifying with [0/Gi] G [C^/Gi]. 

Suppose further that K;^; is numerically effective. We prove that (11.21) holds for such X. 

By assumption we have = ti*Kx- Thus 

We now consider the term C2{Tx)- The first step is to consider xi^x) by using Riemann-Roch 
theorem for stacks |[8l. We follow [9, Appendix A] for the presentation of the Riemann-Roch 
theorem. We have 

x{Ox) = [ ch{Ox)fd{Tx). 

J IX 

Here IX is the inertia stack of X. By our assumption on X, we have the following description of 
IX: 

k 

IX = Xu[j{Ipi\p,). 

1=1 

Here the term Ipi \ pi is the inertia stack of Pi ~ BGi with the main component removed, namely 

IP^\P^^ U BCcAg)- 

(g)7^(l):conjugacy class of d 

By the definition of the Chem character ch, we have ch{Ox) = 1 on every component of IX. 
Hence 

k 

(2.3) x{Ox)= [ fd{Tx)= f fd{Tx)U + Y. I Td{Tx)\j,^\,^. 

J IX JX i^-^ JlprXVr 

Note that Td{Tx)\x = Td{Tx), and we only need its degree 2 component. Hence 

(2.4) I fd(Tx)\x = ^ / {c2(Tx) + Ci(T^)2). 
The contribution coming from Ipi \ pi can be also evaluated. 

Lemma 2.4. Let Ei be the exceptional divisor of the minimal resolution of^j Gi. Then 

[ fd{Tx)\ip,\,^ = ^{x{E^)-j^). 

JlPr\Pr -"-^ 

This Lemma is proved in the Appendix. 

Next, we reinterpret the term xi^x)- By definition, xi^x) := Y.i>oi.~'^)^^'^'^H\X ,Ox)- 
Since ti^Ox = Ox (see e.g. LL Theorem 2.2.1]), we have H\X, Ox) = Il\X, Ox) and 

(2.5) x{Ox) = xiOx). 
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Combining (12.31) . (|2.4I) . (12.51) . and Lemma [Z4l we obtain the following expression of C2(Tx): 

k 

(2.6) f C2(T;,) = UxiOx) - I cr{T;,f - Y,ixiE,) - 1/\G,\). 
Using this, we see that in the present situation, (11.21) is equivalent to 

k 

(2.7) 12x(Ox) > \c,{Kxf + Y.{X{E.) - r^X 

1=1 ' 

On the other hand, it is clear that (12.71) is a special case of |l7l Corollary 1.3]. This completes the 
proof. 

Appendix A. Proof of Lemma [23] 

In this Appendix we prove Lemma [Z4l By our assumption on X, for g E Gi, the (^-action on 
the tangent space Tp^X has two eigenvalues and where is a certain root of unity. By the 

definition of Td{Tx) we have 

(A.l) / Td(T^)|/MP.= E \r \»)l2-/-/^-i - 

"^^pAk {g)^(l):conjugacy class of I '^''^^''' ^9 

We now evaluate (lA.ll) using the ADE classification of £? /Gi. 

A.l. Type A. If C^/Gi is of type An-i, then Gi ^ Z„ and the action on is given as follows. If 
we identify Z„ with the group of n-th roots of 1, then an element ^ E Zn acts on via the matrix 



e 





It follows that (|A.1I) is given by 

-. n— 1 

(A.2) '-y: 



n ^ 2 — exp{2n ^/^l/n) — exp{2^T^/^l/ny^ 
By [[61 Lemma 3.3.2.1], (lA^Il) is equal to 

- 1 1 



— (n — 1/n). 



12n 12 

Since the exceptional divisor of the minimal resolution of C^/Z„ is a chain of (ra — 1) copies of 
CP^, its Euler characteristic is n. This proves the Lemma in type A case. 

A.2. Type D. If C^/Gi is of type Dn+2 (here n > 2), then Gi is isomorphic to the binary dihedral 
group Dicn- The group Dicn is of order An and may be presented as follows: 

The action of DiCn on is given as follows: 

(A3) ^M^^M \ ^^(0 1 
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An element calculation shows that the conjugacy classes of Dicn and the orders of their centralizer 
subgroups are given as follows: 

{1}, {a"} (order of centralizer group = 4ri) 
(A.4) {a', a~'}, 1 < / < — 1, (order of centralizer group = 2n) 

{xa, xa?, xa^, xa^""^}, {x, xa^, xa*^, xa^""^} (order of centralizer group = 4). 

Using (IA.3I) and (IA.4I) it is easy to identify the contribution from each conjugacy class. It follows 
that (lA.ll) is given by 



(A.5) 



n— 1 

-y 

2n ^ 



1 



^ 2 — exp(7rV^A;/n) — exp(7rv— T/i;/Ti)~^ 16n 



1 1 1 



We need to evaluate the sum 7, -, — , ^ — -, — , , 

i-^K—V 2— exp(7rV — iK/n.)— exp(7rv — 
1 



-. Again by Lemma 3.3.2.1], 



we have 

(2n)2 



2n-l 



12 



k 

n-1 



E 



^ 2 - exp(27rV^A;/(2n)) - exp(27rV^A;/(2n))-i 
1 



1 

+ - 



^ 2 — exp(7rv— Tfc/?^) — exp(7rv— TA;/r2) ^ 4 



^ 2 - exp(27rV^(ri + k)/{2n)) - exp(27rV^(n + k) /(2n))-i 



Note that 



2 - exp(27rv/^(n + /c) /(2n)) - exp{2n^/^{n + A;)/(2n))~^ 
=2 + exp(-K\/—lk/n) + exp(7rV— l/c/n)^^ 
=2 + 2 cos(7r A;/n) = 4 cos^ (vr A;/ (2n) ) = 4 sin^ ( (tt ( A; + n) / (2n) ) ; 

2 — exp(Tc\/—lk/n) — exp(7rV— lA;/^)^"^ 
=2 - 2cos(7rA;/n) = 4 sin2(7rA;/(2n)). 

Since sin(7r(A; + n)/{2n)) = — sin(7r(A; — n)/{2n)), we see that 

n-l ^ 

E 



^ 2 — exp(7r-\/— lA;/n) — exp(7r-\/— lA;/n)~^ 



n-l 



E 



^ 2 - exp(27rv^(n + k) /{2n)) - ex^{2-K^^{n + k) /{2n)Y^ ' 



from which it follows that 

n-l 



2E 



+ 



1 (2n)2 - 1 



^ 2 — exp(7rv— TA;/n) — exp(7rv— TA;/n)~^ 4 



12 
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This shows that 

1 — 1 

2 — exp(7rA/— lA;/n) — exp(7r-\/— l/c/n)^^ 6 

and (lA.ll) is given by 

- 1 1 11 1 1 

^ \ h - = — + 3 ). 

12n 16n 8 8 12^ An' 

Since the exceptional divisor of the minimal resolution of £? / Dicn is a tree of CP^ whose dual 

graph is the Dynkin diagram Dn+2, its Euler characteristic is n + 3 and the Lemma is proved in this 

case. 



A.3. Type E. If C^/Gj is of type E, then there are three possibilities: -Eg? E^, Eg. The group Gj 
is isomorphic to the binary tetrahedral group (for Eq), the binary octahedral group (for Ey), or the 
binary icosahedral group (for Eg). In each case the group and its action on can be explicitly 
described, and the Lemma can be proved by computing (lA.ll) using this information. We work out 
the details for Eq and leave the other two cases to the reader. 

In the Eq case, the group Gi is isomorphic to the binary tetrahedral group 2T. This group is of 
order 24 and its elements can be identified with the following quaternion numbers: 



-(±l±Z±J±fc), ±2, ±J, ±k, ,±1. 

The group 2T has 7 conjugacy classes: 



Conjugacy Class 


(1) 


(-1) 


(0 


(i(l+^ + j + A;)) 


Size 


1 


1 


6 


4 


Conjugacy Class 




i^i-l + t + j + k)) 


i^i-l + i + j-k)) 




Size 


4 


4 


4 





The action of 2T on can be described using the following identification 



, / x + yi z + wi \ 
X + yt + z] + wk I— !■ , . . . 

\^ —z + wt X — yt J 

Now it is straightforward to see that (lA.ll) is given by 
1 1 11 11 11 1 1 1 1 _167_11 

24 2 - (-2) ^42-0^62-1^62-1^62 - (-1) ^ 62 - (-1) ~ 288 ~ 12^ ~ 24''' 

Since 7 is the Euler characteristic of the exceptional divisor of the minimal resolution of /2T, 
the result follows. 
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